Discrete Hardy spaces H 1 α (∂T ), related to powers α ≥ 1/2 of the Poisson kernels on boundaries ∂T of regular rooted trees, are studied. The spaces for α > 1/2 coincide with the ordinary atomic Hardy space on ∂T , which in turn is strictly smaller than H 1 1/2 (∂T ). The Orlicz space L log log L(∂T ) characterizes the positive and increasing functions in H 1 1/2 (∂T ), but there is no such characterization for general positive functions.
Introduction
Let f be an integrable function on the unit circle T. Recall that the Poisson extension of f gives a harmonic function, denoted Pf , in the unit disc. By taking the radial maximal function -that is, letting the function value at e iθ be sup r∈[0,1[ |(Pf )(re iθ )| -we get a new function defined on the unit circle. If this function is integrable, we say that f is in the Hardy space H 1 (T). In [8] , we studied the Hardy space H 1 √ (T) defined in a similar manner, but using instead the normalized square root of the Poisson kernel. Here we are interested in the corresponding space for powers of the Poisson kernel in the discrete setting, more precisely on rooted regular trees T of fixed degree q + 1 ≥ 3. The boundary of the tree, denoted ∂T , consists of all infinite geodesic paths starting at the root. The measure on ∂T is always the standard harmonic measure ω, defined by (2) below.
Given f ∈ L 1 (∂T ), α ∈ [1] , see Section 3 below.
Probabilistically, the kernel q 2N(x,·)−|x| α /(P α 1)(x) is the exit distribution of a certain nearest neighbor random walk -the P α -random walk -starting at x. This random walk was described by Picardello and Taibleson [5] , and later also studied by the present author [9, papers 4 and 5] . If α = 1 we regain the ordinary simple random walk, which at each step selects one of the q + 1 neighbours with equal probability. For α > 1 2 , the P α -random walk is of the type studied in [4] , but -just as in the continuous setting -the case α = 1 2 is special.
Finally, C will denote a sufficiently large constant in [1, +∞[, the value of which is uninteresting and can change even within the same line. Similarly, c ∈ ]0, 1] denotes a sufficiently small constant. If f, g are functions such that cf ≤ g ≤ Cf at all points, then we write f ∼ g. The indicator function of a set A is denoted 1 A , that is 1 A (x) = 1 if x ∈ A and 0 otherwise. A function f is said to be positive if it satisfies f ≥ 0; that is, we do not require a strict inequality.
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Results
Our first result states that the atomic Hardy space is contained in all α-Hardy spaces, and that the reverse inclusion holds if α > 1 2 . In particular, all α-Hardy spaces are the same for α > 1 2 .
The positive functions in the atomic Hardy space admit a nice characterization, identical to that in the continuous setting [7] , in terms of an Orlicz space.
Our next proposition will allow us to deduce the corresponding characterization of positive and increasing -as defined below -functions in H 
We have the following characterization, similar to that in Proposition 2.2, of the positive and increasing functions in H Our main result is, roughly speaking, that neither implication in Proposition 2.4 holds for general positive functions, not even if we allow a larger or smaller Orlicz space. 
Preliminaries
Identifying each vertex with the geodesic path connecting it to the root, we let N (u, v) denote the number of edges shared by u, v ∈ T ∪ ∂T . The distance between x, y ∈ T is defined as the number of edges on the geodesic between discrete hardy spaces related to powers of the poisson kernel 243
x and y, and |x| denotes the distance between x and the root. Recall that ζ n denotes the vertex x ∈ T with |x| = n and N(x, ζ ) = n. Every vertex x ∈ T determines an interval E(x) ⊆ ∂T defined by
This allows us to define a Borel probability measure ω on ∂T by letting
if |x| = 0, and
where q + 1 is the degree of the tree. Unless otherwise stated, the measure on ∂T is always ω.
For trees, the atomic Hardy space [1] is defined as follows.
Definition. The atomic Hardy space on ∂T , denoted 
, and
Apart from the radial Poisson maximal function P * α , defined by (1) in the introduction, we will also make use of the
As mentioned in the introduction, the kernel of the operator P α is the exit distribution of the P α -random walk, but we will not make use of the explicit step probabilities of these random walks. However, to prove Proposition 2.1 we will use the fact [9, paper 4 or 5] that, for α > 1 2 , the probability p(x, y) of stepping from x to y satisfies
for all neighbors x and y, where δ > 0 depends only on α. For α = 1 2 , no δ > 0 satisfies the upper bound for all x and y, but the following result will allow us to prove the inclusion H 
The proof can be found in [9, paper 4 or 5], and the following closed formula for the spherical function P 1 2 1 is well known [2] .
We now define increasing functions on ∂T .
is said to be increasing -or, more specifically, increasing towards ζ ∈ ∂T -if there exists an increasing functioñ 
is said to be of type 2 , and in this case it is enough to consider γ = 1 in the definition. We refer to [6] for proofs of these properties.
We also let L log L(∂T ) and L log log L(∂T ) denote the Orlicz spaces with (t) = t log(1 + t) and (t) = t log 1 + log(1 + t) , respectively. It is easy to see that both L log L(∂T ) and L log log L(∂T ) are of type 2 . is also essentially contained in that theorem.
Proofs
Proof of Proposition 2.1. The result for α > 1 2 follows from [4, Theorem 5]. Indeed, in that case the operator P α is associated to a random walkthe P α -random walk -which is of nearest neighbor type and satisfies (3) ; that is, the random walk satisfies conditions conditions (H1) and (H2) in [4] . When α = 1 2 , condition (3) no longer holds, but as we shall see, the same method of proof works.
In 
where α 0 = 0 and
. Hence, using Proposition 3.1 and Lemma 3.2, we get that
We now turn to proving our results for positive functions. In the proof of Proposition 2.3, we will make use of the following approx-
, for all η ∈ ∂T and all n ∈ N, with universal constants of comparison.
Proof of Lemma 4.1. Let q + 1 be the degree of the tree. By definition
where, by Lemma 3.2, (P 1
which proves the lemma, since
Proof of Proposition 2.3. Part (i). Let ζ ∈ ∂T . We have that
where the second inequality follows from Lemma 4.1 and (2), completing the proof of part (i). Part (ii). Using Lemma 4.1, the condition on f , and (2), we see that for all η ∈ ∂T \ {ζ } and all n ∈ N, N(η,ζ ) ) , discrete hardy spaces related to powers of the poisson kernel 247 N(η,ζ ) ) , and hence
and (ii) follows. Part (iii). Fix η ∈ ∂T and n ∈ N. Let ζ ∈ ∂T be the point towards which f is increasing. By definition and Lemma 3.2,
and we consider first the integration over ν ∈ ∂T with N(ν, ζ) > N(η, ζ).
Observing that N(η, ν) = N(η, ζ ) in this case, we get that
where the last inequality uses the fact that t → q t /(t + 1) is increasing for,
and hence
Integrating over ∂T we get that
, completing the proof of part (iii).
Remark. Let f ∈ L 1 (∂T ) be a positive function, increasing towards ζ ∈ ∂T . We claim that for every η ∈ ∂T and every k ∈ N,
that is, f satisfies condition (ii) in Proposition 2.3. This immediately follows if k > N(η, ζ ), since in that case
where the inequality follows since
Proving the L log log L(∂T )-characterization in Proposition 2.4 is now simply a matter of estimating the sums in (i) and (iii) of Proposition 2.3. The first part of that calculation is the following lemma, which does not require the function to be increasing. 
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If in additionf ≥ 0, then
for all η ∈ ∂T , with universal constants of comparison.
Proof of Lemma 4.2. Obviously f is measurable. If f ≥ 0, then
and applied to |f |, this shows -using (2) -that f is integrable, since
Hence, (6) holds for general f and (4) immediately follows. Now assume thatf ≥ 0. Letting n ∈ N and applying (4) to the function
and hence f E(ζ n ) ∼ q n k≥nf (k)q −k , both estimates with universal constants of comparison. Consequently
with universal constants of comparison.
Proof of Proposition 2.4. Since f ≥ 0 is increasing, there exists ζ ∈ ∂T and an increasing functionf : (N(η, ζ ) ), for all η ∈ ∂T .
Assume that f ∈ H 1 1/2 (∂T ). Without loss of generality, we may also assume that
and hencef (n) ≤ 3q n ≤ q n+2 , Consequently
with C depending on q. By (4) and (5) in Lemma 4.2, we then get that
and this last sum is finite by Proposition 2.3 (i).
for η ∈ ∂T \ {ζ }. Using (4) in Lemma 4.2 we see that the last term, as a function of η, is in L log log L(∂T ), and hence so is g. Defining a functioñ g:
, and using (5) in Lemma 4.2 we get that
where the last inequality follows from (4) Now let K 0 = E(x) and, for μ ≥ 1,
The set K μ consists of N μ -whose exact value we will not need -pairwise
· q −n−N -and pick an integer μ such that
Suppose that η ∈ I μ and let k be such that K μ−1,k ⊇ I μ . Then, by definition and Lemma 3.2,
where the sum is over those i for which
In particular, this implies that q N(η q μ +n−1 ,ζ ) is constant for ζ ∈ K μ,i , allowing us to replace 1 M by its average value q μ−N in the integral above, so that
where the last equality follows by extending the integration from K μ,i to include the neighboring intervals in I μ . Now, since η ∈ I μ ⊆ K μ−1,k by assumption,
where the last inequality follows since n ≤ q N 2 ≤ q μ . Finally, summing over integers μ such that
since the intervals (I μ ) μ , all subsets of E(x), are pairwise disjoint.
As a warm-up for the proof of Lemma 4.4, we give the following estimate of P * 
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Proof of Proposition 4.5. By Lemma 4.1, there exists a universal constant C < +∞ such that for all y ∈ T , η ∈ ∂T , and n ∈ N,
and zero otherwise, we get that
Integrating over ∂T , we get that
where the estimate of (P Lemma 4.1 implies that
where c > 0 is a universal constant. To bound the last term, note that if n ≥ |x| + 2q N , then f E(η n ) = 1 if η ∈ M and zero otherwise, so that
f , using Lemma 3.2, we see that
, for all i, and hence
It remains to consider η ∈ E(x) and n with |x| < n < |x| + 2q
, and that N(η, y i ) ≥ |x| + q N for exactly one value of i. Since
where the last sum accounts for the case when N(η, y i ) ≥ |x| + q N , we get that when n ≥ |x| + q N ,
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By (7), all the estimates together yield
and hence P * , which we may assume -by choosing α k sufficiently large -is an integer such that n k ≥ k. Since k≥1+1 q −n k < 1, we may pick pairwise disjoint intervals E(x k ) ⊆ ∂T with |x k | = n k .
Noting that q n k ≥ n 
implying that g / ∈ L (∂T ), as the space is of type 2 .
